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Introduction
The crosslinking copolymerization of vinyl and divinyl monomer is a process that may lead to gel formation, but only few studies provide details of the transition zone from sol to gel. Monte Carlo studies, for instance those carried out by Hamzehlou et al. [5] , reveal the main polymer morphological properties, but they remain rather qualitative as regards the precise behaviour of the molecular weight distribution (MWD) due to highly scattered data. The numerical fractionation approach introduced by Teymour and Campbell [4] and the generating functions approach [6] are the only two deterministic methods claimed to be capable to describe the crosslinking polymerization system on both sides of the gel point. Yet, the original formulation of the numerical fractionation approach relies on concepts like 'generation' and 'pseudo-gel' that are heuristic and hard to interpret in a chemically meaningful way. Although the generating function approach has a sound and clear mathematical formulation, the numerical implementation often suffers from the ill-posedness of an inverse integral transform that often results in a failure of the computations.
Remarkably, the full population balance equation describing the crosslinking polymerization system has already been formulated 20 years ago in the work of Zhu et al. [1] , but until now no complete solution has been offered. In an almost unchanged manner the problem has been considered in a series of follow-up studies [4, 3, 2, 7, 8, 9] . No alterations to the original model itself were proposed, since the studies [4, 3, 2, 7, 8, 9] mainly targeted the development of a new mathematical toolbox relevant to the problem at hand. Regarding gelation phenomena from a deterministic modelling point of view one may observe that it has been addressed by a relatively simple coagulation model with a multiplicative kernel. [10] In this model one expects the total mass of particles to be conserved, however, explicit solutions show that this is not always true. It may happen that the total mass decreases after a finite time, an event that marks the formation of a cluster of infinite size. [11] The current paper for the first time and to a full extent resolves the crosslinking problem as formulated by Zhu et al. [1] employing the multidimensional population balance equation (PBE) . The model describes the evolution of a fourdimensional distribution in time and resolves properties as chain length, number of free pending double bonds (FPDB), number of crosslinks, and number of radicals per molecule as dimensions of the distribution. In view of the large size of 2 the problem the solution technique includes an approximation on radial basis functions, which permits to save computation resources considerably. The PBE is designed to be valid in both pre-gel and gel regimes, it also capable of capturing the state of the polymerization system exactly at the gel point, where the numerical solution develops a shock. The approach is absolutely novel to the class of crosslinking polymerization problems and is neither relying on heuristic ideas, nor on numerically unstable algorithms.
As results we present various distributional data: chain length, FPDBs, crosslinks, radical sites and their evolution in time; bi-, tri-, and quad-variate distributions, data on FPDB and crosslink densities. Non-trivial patterns in the time evolution of average quantities, that have been observed in the prior studies [2, 3, 4] (e.g. crosslink and FPDB densities, molecular weight, etc.) are naturally obtained by computing marginals of the four-dimensional distribution possessing a particular multimodal structure. Some of the results are studied with respect to sensitivity to crosslinker and multiradical limitations. 
Random processes creating branched molecular topologies and gels in relation to reaction mechanisms
Gelation phenomena have been followed by the most basic random graph models, where gelation is called 'giant component phase transition'. For in-stance, the G(n, p) model introduced by Erdos [12] considers n disconnected nodes that become connected with a probability p at each time point. Eventually, the gap in size between the largest component and the second largest component increases, since the two are very probable to become connected, and the giant component emerges, Figure 2 .
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Figure 2: A small random graph model, assuming equal probability for each arbitrary pair of nodes becoming connected, predicts the emergence of the 'giant component' i.e. a largest connected component that is much larger than the second largest one.
Although crosslinking copolymerization leading to gelation may be described by a random graph model in a relatively simple manner, analytical estimates are much harder to obtain, and require sophisticated numerical techniques. In order to deal with a large number of graph-like molecular topologies, we measure them according to the most important properties. This is done by employing one of the measures µ f ull , µ x , and µ c that map a polymer topology to a corresponding three-or four-dimensional point,
The measures (1) provide a way to describe the state of the whole polymer 4 system as a multidimensional distribution; its kinetic as a population balance equation. Analogously to Ref. [13] where a polymer modification problem was addressed, we consider a 4-dimensional distribution R x,y,c,z that denotes the relative frequency of polymers with total number of monomers x, number of FPDBs y, number of cross links c, and number of active radical sites z.
We study an evolution of R x,y,c,z driven by reactions kinetics, departing from only monomers and arriving, at full conversion, in a situation of one single gel molecule and non reactive sol. The reaction mechanisms considered in the current model are as follows.
Initiator decomposition (I2 initiator, I initiator radical)
Monovinyl and divinyl initiation, reactions between initiator and monomer,
Monovinyl propagation, leads to increase of total amount of monomers by one,
Divinyl propagation, leads to increase in the number of FPDBs and total amount of monomers,
A cross-linking step is a reaction between a growing polymer molecule containing radicals and a free divinyl incorporated into another molecule, leading to a combined molecule having one more crosslink and one less free vinyl group:
Disproportionation leads to decrease in a number of radicals by one in each molecule, R x1,y1,c1,z1 + R x2,y2,c2,z2
5
Termination by recombination combines two molecules into one with two radicals less R x1,y1,c1,z1 + R x2,y2,c2,z2
Since several radicals are permitted to reside on a polymer molecule, a termination reaction does not immediately imply a full stop of growth of this molecule.
The reaction mechanisms are illustrated in Figure 1 .
Mathematical model
The full model, population balance equations
A population balance equation defines how the state of the polymerization system driven by the reaction mechanisms (2)-(9) evolves in time. To describe the evolution of the full four-dimensional distribution, the following operator is introduced
where
Except distribution R x,y,c,z a few scalar quantities is also necessary to fully define a state of the system. The full state at time t reads as S = (R,
where c rd is the total number of radicals, c db is the total number of FPDB, m 1 denotes the concentration of monomer, m 2 denotes the concentration of divinyl, c i2 is concentration of initiator, and c i concentration of initiator radical. To define their balance we consider an operator
The definition of the coefficients employed in equations (10)(12) is given in Table 2 . The state of the polymerization system is treated as time dependent S(t), t ∈ [0, t end ]; the operators (10)(12) are used to construct the population
where S 0 = (0, m 1|f eed , m 2|f eed , 0, 0, c i2|f eed , 0) T denotes initial conditions.
Reduced model
The PBE can be brought to a reduced form by dropping one of the two dimensions: the number of crosslinks c or chain length x. This is possible by selecting an alternative to the µ f ull measure: µ x or µ c . In each case, the reduction permits to denote the state of the system by a three dimensional
the number of crosslinks c and the chain length x, are essential properties to be calculated; although they do not directly influence the reactivity of the polymer molecules as coefficients at the RHS of (10) are constant with respect to x and c. Note that we have found before [7] that a rigorous one-dimensional solution of the problem is possible, if FPDB is chosen as this dimension and under circumstances that multiradicals do not play a significant role. It is possible to reformulate the system (12) for the three-dimensional marginal distributions, redefining the state as
replacing the operator L f ull (R) by operators acting on lower dimensional dis-
This approach also allows focusing more precisely at the multiradicals issue in both pre-gel and gel regions. The expressions for L c and L x read as,
The last two lines of Equations (14,15) contain non-linear terms, where
as usual denotes the convolution, while the distributional translation is denoted by
The second, third, and forth lines in Equation (14) (second and third lines in Equation (15)) include the unknown distribution in a linear form; the first lines of the equations are free of unknowns altogether. Finally, the operator for the reduced population balance reads, An important feature of the model expressed by (13) is that the total mass conservation is naturally satisfied in both pre-gel and gel regions,
Equations (17) and (18) can be used to obtain the weight fractions of FPDB, crosslinks, and radicals in gel,
while the weight fraction of all monomers in the gel reads,
Crosslinks contained in the gel c cl|gel can be distinguished according to their origin: being created in sol and transferred to gel or created in the gel itself.
The concentration of former and latter crosslinks, c cl|t−gel , and c cl|t−gel , can be found by evaluation of the corresponding integrals,
The two three-dimensional marginal distributions, f (x, y, z) and g(y, c, z), are obtained from the reduced model with the same right hand side as in (16).
Even though the two dimensional distribution connecting properties as chain length and crosslinks is not explicitly accounted for in the reduced PBE, it is possible to recover the desired marginal connecting x, y, c by the following statistical considerations. Let's denote the probabilities of selecting a topology with property sets: y, (x, y), (y, c), (x, c) and (x, y, c) by
f (x, y, z);
We accept an assumption on conditional independence of chainlength x and crosslinks c under given FPDB y, P (x|y ∧ c) = P (x|y). The assumption can be reformulated in a next way: shall y be fixed, little extra information is brought to x|y by additionally fixing c.The assumption, can cause some minor error in the representation of the three dimensional marginal distribution, but most likely the error will not change the qualitative impression the distribution makes. Departing form (22), we derive the conditional probabilities,
The last equality can be expressed in terms of the distributions,
what gives an easy way of reconstruction of the three-dimensional distribution based on the results produced by the equation (16).
Approximation scheme
For practical implementation reasons, the dimensions of the distributions f (x, y, z), g(y, c, z) are limited by a maximum chain length x max , maximum number of FPDBs y max , maximum number of crosslinks c max , and maximum number of radical sites z max . Choosing the values of these maxima is subject to the following considerations. By assigning z max = 2 the model is reduced the formulation that accounts for 'dead' and 'living' polymer chains, representing the classical setup considered in most of previous studies, i.e. Teymour et al. [4] .
The case z max = 4 has been discussed in Ref. [7] and a low molecular species (moments of distributions) model for z max = 8 was derived by Lazzari et al. [8] In the present paper parameters x max , y max , c max , z max are treated as variables and a study on convergence of the results as x max , y max , c max , z max → ∞ is performed. We found the following maxima values to be sufficient, x max = 10 8 , y max = 10 7 , z max = 64, c max = 10 4 .
By applying an approximation on Gaussian basis functions [14] , we search for an approximation to the distributional part of the state S, f (x, y, z), g(y, c, z) as a linear combination of pre-defined basis functions φ i,z (x, y), i = 1, . . . , N, z = 0, . . . , z max and coefficients α i,z that have to be determined,
Here, the upper index of α determines whether coefficients refer to an expansion of f (x, y, z) or g(y, c, z); however, in the equations as formulated according to the approximation scheme, the index shall be omitted, provided this does not lead to ambiguity. The system of basis function centres (x i , y i ) is treated as a fixed grid. The connectivity parameters σ x,i , σ y,i , σ c,i are dependent on a distance between the adjustment basis functions. It is convenient to think of the expansion coefficients α i,z and basis functions φ i (x, y) as N z max × 1 column vectors:
Thus, the equation (23) can be rewritten in a vector form,
If a distribution with known values is given, a square interpolation N z max × N z max matrix can be used to recover the expansion coefficients,
where × denotes a usual tensor product and I zmax is the identity matrix of size z max . Let i N , i zmax are column vectors of size N and z max , respectively, with all elements equal to one. Let,
An approximation e 0 to the delta symbol δ x−1,y,z , representing a distribution with molecules that consist of only one monomer, no FPDBs, and no radical sites reads,
In order to obtain a distribution containing molecules with strictly one FPDB and one radical site, it is enough to translate e 0 along each dimension by a unit distance, T 0,1,1 e 0 . The square matrix T x ,y ,z denotes the translation,
Here A v provides a translation along the approximated dimensions x, y, while T z is a matrix with zero elements everywhere except at its z th diagonal, which provides a translation along z dimension,
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A square matrix W q(x,y,z) is used to obtain the expansion coefficients of a weighted distribution q(x, y, z),
Note that the powers of the matrix W q(x,y,z) would correspond to applying the weight q(x, y, z) multiple times. The bilinear form C k of size N ×N contains the value of cross convolutions between all pairs of basis functions at point (x k , y k ),
For a fixed z, let's focus on a segment of coefficients vector
Values of a two-dimensional x, y convolution with this segment are found by a left multiplication with a square matrix,
Finally, to extend the convolution to the third dimension a block-Toeplitz matrix is employed,
Providing that vectors of coefficients α, β are known, then the expansion coefficients vector γ of a convolution of the corresponding distribution reads as
In a framework of the numerical toolbox (29)-(34) the approximation to the operators(14,15) reads,
Not only do the matrix representations (35,36) allow fast computation of the expansion coefficients of L(f (x, y, z)), but they also provide a natural way to derive the corresponding Fréchet derivatives. Indeed, the derivatives L
α (β) at α and direction β, being required to employ a stable differential solver for the balance equations (13), read
A row vector of weights
is used to express a summation in terms of a coefficient column α. Thus, the number of monomers, FPDBs, and radicals in sol appearing in equation (17) read:
The weights (40) can also be used at the post-processing stage to compute approximate average properties. Table 1 .
The progress of the reaction in a batch reactor is measured in terms of conversion χ(t) of the monomers,
Kinetic parameters can be found in Table 1 . The kinetic coefficients are con- An alternative way to visualize the divergence of total and sol polymer material is to consider the gel fraction of the material ω m , a ratio between the amount of monomer in the gel and the total amount of monomer incorporated in polymer as defined in equation (19). Figure 5 depicts the gel fractions for the total polymer material, for crosslinks, for FPDBs, and for radicals as a func-tion of conversion. It can be seen that all fractions remain equal 0 up to the gel point. The profile for gel fraction of FPDBs ω db is close to the one for the total material, while gel fraction profiles for crosslinks ω cl and radicals ω rd have lower values after the gel point. As is illustrated in Figure 7 , the predictions for the gel point are dependant on the maximum number of radicals the model is The failure of the second moment to converge at the gel point can be explained by taking a closer look at the FPDB distribution itself. Figure 9 depicts FPDB distributions on a double-logarithmic scale obtained at the gel point for models with different maximum number of radical sites. The higher the maximum number of radicals assumed to reside on a molecule, the more extended FPDB distribution becomes. As this maximum z becomes very large, the FPDB distribution approaches its asymptotic value that decay proportionally with slope y −2.5 . It should be realized that moments, as they represent the sum of an infinite series, can have infinite values. For instance, the first three moments κ 0 , κ 1 , κ 2 for the asymptotic values of the FPDB distribution, result from the summations,
Hence, the second moment of the FPDB distribution at the gel point approaches infinity as the maximum number of radical sites increases. A similar statement has been made in Ref. The polydispersity of the FPDB distribution is clearly sensitive for the divinyl content. Figure 10 depicts a reference polydispersity plot together with two extra plots: obtained at two times higher and two times lower divinyl content. One may observe that the gelation point moves to higher conversions when less divinyl monomer used and vice versa. It is interesting to see how each particular class of molecules with a precise number of radical sites z is contributing to the overall FPDB distribution. The evolution of the FPDB distribution around the gel point is depicted in Figure 13 . The FPDB distribution rapidly develops after the reaction start, and remains exponentially decaying everywhere except at the gelation point, where the second moment is approaching infinity. Considerably higher concentration values are reached only in a narrow region around the gel point. The values of the FPDB distribution decay after the gel point due to reaction between sol polymer and the gel. The decay does not affect the distribution uniformly, since molecules with higher number of FPDB are more reactive, and hence are preferentially transferred to the gel. Therefore, when plotted against the conversion, the evolution of the FPDB distribution after the gel point resembles to a certain extent the evolution before in a reversed manner. Yet, the relaxation process after the gel point proceeds more slowly. The density of FPDB is calculated as the ratio,
yf (x, y, z, t)
xf (x, y, z, t) .
As shown in Figure 14 the ratio (42) is neither constant in time nor in chain length. The FPDB density of the sol polymer is typically lower for shorter molecules, reaching its peak values at the gel point.
When the number-average FPDB is plotted versus the number-average chain length for t ∈ [0, t end ], a typical to hysteresis systems loop is observed, Figure   15 . Molecules with equal chain length tend to correlate to a different numberaverage FPDB, depending on the regime of the system: pre-gel or gel. The effect becomes even more apparent if the FPDB density, as defined in equation (42), is plotted against molecular weight, as depicted in Figure16 We ight -ave r age The chain length dimension is obviously of high importance, if one is interested in predicting physical properties of the polymer. In a similar fashion as for FPDBs, the chain length averages exhibit a maximum and a discontinuity at the gel point. Number and weight chain length, averages are depicted in Figure   18 . The chain length number-average is strongly influenced by the presence of multi-radicals and, if plotted for separate classes with various number of radicals, it exhibits much higher values in higher radical classes. This effect is observable in Figure 19 . This phenomenon may be explained by the stronger influence of the multi-radicals on the tail of chain length distribution. The latter exhibits an algebraic decay at the gel point, as is clear in Figure 20 . The double weighted representation of the overall chain length distribution, together with its components for each radical class is shown in Figure 22 . This double weighted distribution resembles the typical gel permeation chromatography (GPC) representation. The evolution of this chain length distribution as the conversion passes the gel point is is visible in Figure 23 . One may observe that while the peak of the double weighted distribution remains at the same level as the reaction passes the gel point, it is rather the tail that changes its decay nature in the region of the gel point.
Conversion, χ rapidly up to a maximum value, which is followed by a gradual decrease as the reaction achieves full conversion. The fraction of gel-originating crosslinks increases more slowly, but monotonically on the complete span of the gel regime, Figure 28 . This behaviour suggests that fundamental alterations in the topology of the gel network may take place after the gel point. We may infer that shortly after the gel point the polymer network possesses an inhomogeneous structure:
highly crosslinked centres, forming independent branched molecules, are loosely bound by a few crosslinks into a network. Furthermore we may predict that close to full conversion, a homogeneous structure is present as the fraction of crosslinks originating from the gel will become dominating. Regarding the crosslink density we infer another interesting property from the modelling results. The crosslink density, being a characteristic that is dependent on chain length, is not identical in sol and gel parts of the polymer. As shown in Figure 27 , the crosslink density for the gel increases throughout the whole gel regime; in contrast, the crosslink density for the sol polymer increases in pre-gel regime and decreases after the gel point. Figure The proportion between the densities crosslinks/chain length and crosslinks/FPDB turns out to be close to constant for molecules that are larger than a certain size in terms of chain length or FPDB. A similar observation was made by Kizilel on a basis of a generation model [2] . The distribution of the crosslink density over a span of chain length is available in Figure 30 . The distribution shows a monotonically increasing crosslink density. However, for sufficiently high chain length, the contribution of the linear chains that are short is small and the crosslink density distribution reaches a flat plateau. In general we see the average crosslink density increasing up to the gel point and decreasing afterwards. However the equal values of molecular weight before and after the gel point are not associated with equal values of crosslinking density. Hence, the average crosslinking density plotted against molecular weight follows a course, that is typical for a memory equipped systems as shown in Even though the population balance model has to describe the state of the polymer by no less than a four dimensional distribution at each time point, an accurate solution is achieved in a reasonable computational time by applying an approximation scheme based on radial basis functions. The numerical technique has been developed and tested by us earlier on a wide range of multidimensional polymer reaction problems. The current works has enhanced the spectrum of its applications to a higher extent.
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